Abstract. Let M = Γ\H (n) , where H (n) is a product of n + 1 hyperbolic planes and Γ ⊂ PSL(2, R) n+1 is an irreducible cocompact lattice. We consider closed geodesics on M that propagate locally only in one factor. We show that, as the length tends to infinity, the holonomy rotations attached to these geodesics become equidistributed in PSO(2) n with respect to a certain measure. For the special case of lattices derived from quaternion algebras, we can give another interpretation of the holonomy angles under which this measure arises naturally.
remain constant under the flow (here, ·, · z j denotes the inner product on the tangent space T z j H). For each fixed level E ∈ [0, ∞) n+1 the geodesic flow on the corresponding energy shell
is ergodic and we consider the closed geodesics on each one of these shells separately.
In this setting, the holonomy attached to a closed curve on M lies in K = PSO(2) n+1 . Since this group is commutative, the holonomy does not depend on the base point and each holonomy class is given by n + 1 rotations. Moreover, since parallel transporting along a geodesic maps the tangent vector to itself, the holonomy is trivial in any factor where E j = 0. Hence, the holonomy of closed geodesics on Σ(E) lie in the smaller group E j =0 PSO(2) ⊂ K.
We will concentrate on the specific shell Σ 0 = Σ(1, 0,... ,0), for which the holonomy group K 0 = PSO(2) n is as big as possible. For each closed geodesic C on Σ 0 we attach the holonomy angle θ C ∈ (−π, π) n that gives the angle of rotation in each of the nontrivial factors. We are thus interested in the distribution of these angles as the length of the closed geodesics tends to infinity.
Before stating our results we need to introduce some notations (see section 2 for more details). Let L 2 (Γ\G) denote the space of functions on G satisfying that f (γg) = f (g) for γ ∈ Γ and that Γ\G |f (g)| 2 dg < ∞. The algebra of invariant differential operators of G is of rank n + 1 and is generated by n + 1 differential operators denoted by Ω 0 ,... ,Ω n , each acting on the corresponding factor. For any m ∈ Z n+1 let χ m denote the characters of K given by χ m (k θ ) = e im·θ . We denote by L 2 (Γ\G, m) ⊂ L 2 (Γ\G) the space of functions satisfying ψ(gk) = ψ(g)χ m (k). 2 ) to measure the spectral gap for V m and let α = sup m α m . The results of Kelmer and Sarnak [7] imply that α m < 0.34 for all but finitely many values of m; in particular we have that α < we only have the first error term. In particular, after Selberg [16] , this is known when Γ is a congruence group. (In fact, in this case the result of Kim and Shahidi [8] imply α ≤ 1 9 .) Moreover, the congruence subgroup conjecture implies that all lattices Γ in PSL(2, R) n+1 are congruence groups, so we expect the error term to be uniformly bounded by O(e 3x/4 ). Unconditionally, if λ (1) 1 ,... ,λ (1) q are all eigenvalues in (0, Remark 0.2. In [1] , Deitmar proved an analogue to the prime geodesic theorem for higher rank spaces for singular geodesics. The main term in the asymptotics of π p (x) can also be obtained by applying his results to this setting.
Distribution of holonomy about closed geodesics. After establishing the growth rate of π p (x) we study the distribution of the holonomy angles. We find that the results here are very different from the rank one case described above. In this case, the holonomy angles are not equidistributed in K 0 with respect to the Haar measure, but rather behave as if they were representing conjugacy classes in PSU(2) n . Recall that [−π, π] n parameterizes the conjugacy classes in PSU(2) n and let μ denote the measure on [−π, π] n obtained via this parametrization from Haar measure on PSU(2) n , that is, Remark 0.3. The implied constant for the error term in Theorem 2 can be given explicitly in terms of the Fourier coefficients of the test function f . In particular, when the set A ⊂ [−π, π] n is sufficiently nice (for example any rectangle) it is possible to give exponential bounds for the error term also for a sharp cutoff (see Corollary 3.1).
Invariance of holonomy angles under sign changes. The measure μ defined in (0.2) is invariant under the change of variable θ → σθ for any σ ∈ {±1} n , where we denote σθ = (σ 1 θ 1 ,... ,σ n θ n ). In particular, given any set A ⊂ [−π, π] (with μ(∂A) = 0) we have that π p (x; A) is asymptotically the same as π p (x, σA). We wish study the question of whether we can have an exact equality.
Definition 0.1. The holonomy angles are said to be invariant under the sign change σ ∈ {±1} n if for any angle θ ∈ [−π, π] n , the number of primitive closed geodesics C with θ C = θ is equal to the number of primitive closed geodesics C with θ C = σθ.
Remark 0.4. We note that if C is a closed geodesic with length l C and holonomy angle θ C , then for any other closed geodesic, l C = l C if and only if θ C ∈ {σθ C |σ ∈ {±1} n } (see Remark 1.1). In particular, if the holonomy angles are invariant under all sign changes, then the number of closed geodesics with a fixed length is divisible by 2 n .
From a dynamical point of view it is not clear why this invariance should hold. To further illustrate how remarkable this invariance is we relate it to a question of Selberg [17] , which is, whether the spectrum of the space V m (Γ\G), defined in (0.1), changes when we change the sign of the m j 's. For any geodesic C denote by C −1 its time reversal. We note that θ C −1 = −θ C , which implies that the primitive closed geodesics are invariant under σ = (−1,... ,−1). Correspondingly, we have that complex conjugation sends V m to V −m and commutes with Ω 0 . For other signs σ ∈ {±1} n it is not clear how to construct such a map and, as mentioned by Selberg in his lecture notes [17] We recall that, by Margulis's Arithmeticity Theorem, any irreducible lattice in PSL(2, R) n+1 is commensurable to a lattice derived form a maximal order in some quaternion algebra, and that this algebra is defined over the trace field of Γ (that is, the field generated by traces of elements in Γ); see [11] . We thus formulate the following conjecture: We note that there are number fields satisfying that h K = h + K so that this condition is not empty. For example, let K q denote the maximal real subfield of the
whenever q = 2 a is a dyadic power (cf. [9, Remark 3.4] ). Also, when q is a prime number such that q−1 2 is also prime, Taussky's conjecture implies that h K q = h + K q (see [9] for some generalizations and results towards this conjecture). On the other hand, Garbanati [3] showed that if q is not a prime power, then h K q = h + K q so there are also many examples of number fields where this condition does not hold.
An interpretation for the holonomy angles. We give another interpretation for the holonomy angles which explains their limiting distribution. Assume that the lattice Γ ⊂ PSL(2, R) n+1 is derived from a maximal order in a quaternion algebra. When n is even we can find a corresponding latticeΓ ⊂ PSL(2, R) derived from a maximal order in a different quaternion algebra that is ramified in the same finite places and unramified in one infinite place. We then have a correspondence between closed geodesics onM =Γ\H and closed geodesics on Σ 0 . Moreover, the latticeΓ comes equipped with a natural homomorphism ρ :Γ → PSU(2) n which enables us to attach to each closed geodesic C onM a conjugacy class {u C } in PSU(2) n (see section 5.3 for details). We then have the following correspondence: 
With this correspondence, Theorem 2 is equivalent to the equidistribution of the conjugacy classes {u C } as the lengths l C → ∞. We note that the equidistribution of these conjugacy classes can be proved (in a more general setting) via a different method using the Selberg trace formula on the space of vector valued functions oñ Γ\H.
Remark 0.5. Theorem 6 implies in particular that the number of primitive closed geodesics with a fixed length (and holonomy angle θ C ∈ {σθ : σ ∈ {±1} n }) is divisible by 2 n . Note that for this theorem we do not assume that h K = h + K . This suggests that the geodesics could be invariant under all sign changes even without this condition on the trace field.
Outline of paper. For the readers convenience we include a short outline of the paper. In section 1, we recall the essential background for the geodesic flow on M = Γ\H (n) and the relation between closed geodesics, holonomy, and conjugacy classes. In section 2 we recall the spectral theory on Γ\G and in particular the Selberg trace formula. In section 3, we use the trace formula to prove Theorems 1 and 2. The trace formula is also used in section 4 to prove Theorem 3. In section 5, we recall some results on lattices derived from quaternion algebras and prove Theorems 4 and 6. In section 6, we give some additional applications. In particular, we prove a special case of the Jacquet-Langlands correspondence and we obtain some results about the distribution of fundamental units corresponding to certain quadratic orders.
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Background.
1.1. The hyperbolic plane. Let H = {x + iy|y > 0} denote the upper half plane. For z = x + iy ∈ H we identify T z H ∼ = C; with this identification the Riemannian metric is given by the inner product ξ, η z = ℜ(ξη) y 2 on T z H. There is a natural action of PSL(2, R) = SL(2, R)/ ± I on H by isometries. That is z → g(z) = az+b cz+d , with the induced map on the tangent space given by
where g (z) = 1 (cz+d) 2 denotes the differential of g. After fixing the point (i, i) ∈ T 1 H we can identify the unit tangent bundle with PSL(2, R) via the action g → (g(i),g (i)i). For any x, t ∈ R and θ ∈ [−π, π] let
= n x a ln(y) . In these coordinates the identification of PSL(2, R) with
Products of hyperbolic planes.
Let H (n) = H 0 × ··· × H n denote a product of n + 1 hyperbolic planes endowed with the product metric. That is for z = (z 0 ,... ,z n ) ∈ H (n) the inner product on T z H (n) ∼ = C n+1 is given by
There is a natural isometric action of G = PSL(2, R) n+1 on T H (n) given by the PSL(2, R) action on each factor. Each of the functions
invariant under the action of G (and hence this action is not transitive on
The group G acts transitively on T E H (n) with the stabilizer of (i, Ei) being
to the point obtained by flowing for time t along this geodesic. The spaces T E H (n) remain invariant under this flow. After identifying T E H (n) with G/ E j =0 K j the geodesic flow φ t is given by the right action of a Et = (
1.3. Quotients. Consider a quotient M = Γ\H (n) with Γ an irreducible co-compact lattice in G = PSL(2, R) n+1 , that is, Γ is a discrete subgroup such that the projection to any factor of G is dense and that the quotient Γ\G is compact. The geodesic flow on M = Γ\H (n) is given by the projection of the geodesic flow on T H (n) to M. The energy shells
are invariant under the geodesic flow and the identification of T E H (n) with G/ E j =0 K j descends to an identification Σ(E) ∼ = Γ\G/ E j =0 K j . From here on we fix E 0 = (1, 0,... ,0) and let Σ 0 = Σ(E 0 ). We denote by K 0 = 
Given any closed curve C with initial condition (z, ξ) ∈ T M, parallel transporting tangent vectors about this curve gives the holonomy map by  H C (ξ 1 ,. .. ,ξ n ) = (ξ 0 e iθ 0 ,... ,ξ n e iθ n ). Changing the base point of the curve will give a conjugate element, and since the holonomy group is commutative H C does not depend on the base point. Thus, for any closed curve C we attach an angle θ C ∈ [−π, π] n+1 corresponding to the rotations of the holonomy map. Parallel transporting along a geodesic leaves the tangent to the geodesic invariant, hence, there could be no nontrivial rotations in factors where the tangent vector is nonzero. Consequently, the holonomy map attached to a closed geodesic in Σ 0 satisfies θ 0 = 0 and we let θ C ∈ [−π, π] n be the angles corresponding to the last n factors.
We have the following correspondence between closed geodesics in Σ 0 and hyperbolic-elliptic conjugacy classes in Γ, that is, conjugacy classes of elements that are hyperbolic in the first factor and elliptic in the last n factors. With the identification Σ 0 ∼ = G/K 0 , a closed geodesic of length l is given by an initial condition
for some γ ∈ Γ. That is, in the last n factors we have g −1 j γ j g j = k θ γ,j ∈ K j and in the first factor we have g
If we change the initial condition g to an equivalent one τ g for some τ ∈ Γ the resulting lattice element will be τ −1 γτ . Hence, for any closed geodesic there is a corresponding hyperbolic-elliptic conjugacy class. For the other direction, given any hyperbolic-elliptic
gives rise to a closed geodesic of length l γ . The choice of such an element is not unique, however, ifg ∈ G is another element satisfying this, theng = g(a t ,k 0 ) with k 0 ∈ K 0 , so thatg gives rise to the same closed geodesic (with a different starting point). Under this correspondence, a closed geodesic C with length l C and holonomy angle θ C corresponds to a conjugacy class {γ} with θ γ,j = θ C,j and l γ = l C . Remark 1.1. Note that tr(γ j ) = 2cos(θ γ,j /2) so that the trace in each factor is determined by the holonomy angle, and the holonomy angle is determined up to a sign by the trace. Moreover, we recall that Γ is commensurable to a lattice derived from a quaternion algebra defined over some totally real number field. Hence, the traces tr(γ j ) for j = 0,... ,n are all different embeddings of the same field element into R. Consequently, the length of the geodesic determines the holonomy angle up to a sign and the holonomy angle determine the length of the geodesic.
Trace formula.
The main ingredient in the proof of Theorems 1 and 2 is the Selberg Trace Formula. In particular, we use a hybrid version of it introduced by Selberg in [17] . We now recall some background on the spectral theory of PSL(2, R) n+1 and outline the derivation of the hybrid trace formula.
Spectral decomposition.
Let G = PSL(2, R) n+1 and Γ ⊂ G an irreducible co-compact lattice. Let ρ : Γ → U (N ) be an irreducible unitary representation of Γ. Let L 2 (Γ\G, ρ) denote the space of vector valued functions on G satisfying that f (γg) = ρ(γ)f (g) for γ ∈ Γ and that Γ\G |f (g)| 2 dg < ∞. For any m ∈ Z n+1 let χ m denote the characters of K given by χ m (k θ ) = e im·θ . The group K acts on L 2 (Γ\G) (by right multiplication) and induces a decomposition into the different K-types
The algebra of invariant differential operators of G is of rank n + 1 and is generated by operators Ω 0 ,... ,Ω n given in the z, θ coordinates by
These operators act on L 2 (Γ\G, ρ, m) and we can further decompose it to a direct sum of joint eigenspaces
where Λ(m) ⊂ R n is the set of joint eigenvalues and C(m, λ) the joint eigenspace corresponding to λ = (λ 0 ,... ,λ n ). We denote the dimension of the joint
The operators
commute with Ω j and act as raising and lowering operators between the different K-types. Moreover, on the space C(m, λ) the operator E
is a bijection if λ j = ±m j (1 ∓ m j ) and vanishes otherwise (see [10, Chapter VI §4, 5] ). We thus get the following characterization of the possible eigenvalues in Λ(m):
Proof. Let λ ∈ Λ(m) and let ψ ∈ C(m, λ) denote the corresponding joint eigenfunction. We first show that if m j = 0, then λ j ∈ (0, ∞). For m j = 0 the operator Ω j reduces to the hyperbolic Laplacian
and the corresponding eigenvalue satisfies
.. ,z n ) does not depend on z j and since Γ is irreducible this implies that ψ must be the constant function, which can only occur if m = 0 (and ρ is the trivial representation).
The argument for m j = 0 now implies that λ j ∈ (0, ∞). Let h j , j = 0,... ,n be analytic functions with Fourier transformsĥ j compactly supported. Then
Trace formula for L 2 (Γ\G, ρ, m). We recall the trace formula for
The derivation is a direct application of the arguments in [2, 4, 5] . In particular for the explicit form of theh j (θ j ,m j ) we refer to [5, equation 6 .30 on p. 394] and for the integral corresponding to the trivial conjugacy class see [5, page 396].
Hybrid trace formula. For any
k } be an orthonormal basis for V m composed of eigenfunctions of Ω 0 with eigenvalues
we use the usual parameterizations of the eigenvalues λ
2 . We note that the eigenfunctions ψ
are hybrid forms that behave like Maass forms in the first factor and like modular forms of weight m j on the j'th factor. We thus call the trace formula for these forms a hybrid trace formula.
For m = (0,m 1 ,... ,m n ) as above, let
and define the function
We note that an elliptic element γ is always of finite order and we denote by M γ its order. There could be at most finitely many elliptic conjugacy classes.
THEOREM 7. For any meromorphic function h(r) withĥ compactly supported
where is a sum over hyperbolic-elliptic conjugacy classes, is a finite sum over the elliptic conjugacy classes, and γ p denotes the primitive element corresponding to γ.
Remark 2.1. The sum over the hyperbolic-elliptic conjugacy class can be interpreted as a sum over all closed geodesics in Σ 0 where l γ = l C is the length of the geodesic, l γ p = l C 0 is the length of the primitive geodesic underlying C, and θ γ = θ C are the holonomy angles attached to C.
The function H m (θ) appearing in the trace formula diverge as θ j approaches zero. However, after summing over all possible signs of m, the function
is uniformly bounded and satisfies |F m (θ)| ≤ |m| * . Hence, it is convenient to add the corresponding trace formulas for all signs.
with the same notations as Theorem 7
Remark 2.2. In the case where the quotient Γ\G is not compact a similar formula should still hold. In order to derive the hybrid formula in the noncompact case it is possible to follow the same argument as below. However, to do this one needs to compute the contribution of the continuous spectrum and the parabolic elements to the trace formula on L 2 (Γ\G, m). We leave this computation to a separate paper [6] .
Derivation of the hybrid trace formula.
The hybrid trace formula was presented in Selberg's lecture notes [17] . As its derivation does not seem to be written up anywhere in the literature we will include a proof here. To simplify notation, we will write down the proof for the case where the representation ρ of Γ is the trivial representation, the modification needed for arbitrary ρ are straightforward.
As described in [17] , this formula can be derived by taking the trace of the following kernel
with f a smooth compactly supported function such that h is its Selberg transform. However, if |m j | = 1 for some j, then this kernel is not in L 1 (H (n) × H (n) ) which introduces some difficulties with this approach. We will thus take a different approach by way of comparing the trace formulas on
In particular, for J = {1,... ,n} the eigenvalues in Λ(m, J) counted with multiplicity are given by { 
Also, ∀j ∈ {0,... ,n} we have a disjoint union
Proof. Fix some j ∈ J with m − σ j e j = 0. Since complex conjugation sends C(λ, m) to C(λ, −m) we may assume that m j ≥ 0 and
To get inclusion in the other direction, we just need to show that
Now for the case m = 0. Any 0 = λ ∈ Λ(0) satisfies that ∀j, λ j > 0 and by applying E ± j to the corresponding eigenfunction we get that λ ∈ Λ(±e j ); hence,
Finally, since 0 ∈ Λ(±e j ) and for any 0 = λ ∈ Λ(0) we have that λ j = 0 the union is disjoint. 
while for m = σ and J = J σ we have
where the outer sums are over all ν ∈ {0, 1} n+1 satisfying that
Proof. The proof is a straight forward using induction on the size of J and an inclusion exclusion argument. We omit the details. Remark 2.3. In the case where we the representation ρ is not trivial, the trivial eigenvalue does not appear and we have the first equality also for m = σ and J = J σ .
The derivation of the hybrid trace formula now follows from the above identity and the standard trace formula. 
For this choice of Ψ and J the sum on the left is given by
Apply the trace formula to each of the inner sums on the right-hand side. The contribution of the trivial conjugacy class is
We can rewrite this sum as
Substitute for the first term
and for each of the last n terms
to get that the total contribution of the trivial conjugacy class is given by
For the nontrivial conjugacy classes the contribution of a given class γ = (γ 0 ,... ,γ n ) is given by
Since the contribution of the hyperbolic elements do not depend on m j , this sum will vanish unless γ j ∼ k θ j is elliptic for all j = 0. In this case, if γ 0 ∼ a l γ is hyperbolic the corresponding term is
A direct calculation using (2.1) for the functionsh(θ j ,m j ) yields
Hence, the contribution of each hyperbolic-elliptic conjugacy class is given by
and the contribution of each of the elliptic classes is given by
We thus get the following formula
We recall that for any hyperbolic-elliptic γ the group Γ γ is a cyclic group generated by some γ p (cf. 2 )) we get the hybrid trace formula.
Asymptotic estimates.
In this section we prove Theorems 1 and 2 for the number of closed geodesics and the distribution of their holonomy angles. The proof uses the hybrid trace formula and the ideas of [14, 15] .
Preliminary estimates.
We start with some preliminary estimates for the spectrum and the number of closed geodesics. 
Use the trace formula (Theorem 7 ) with this test function to get
where we used the bound |F m (θ)| ≤ |m| * . We can bound the integral 
To deal with the elliptic elements, using (2.1), we can bound
where the notation f (x) g(x) mean that there is some constant c > 0 such that
Since |ĥ x (u)| = |ψ(u)| does not depend on x the contribution of the elliptic terms are bounded by O(1).
Remark 3.1. The above proof with x = 0 shows that
From this preliminary estimate we get the following estimate for the number of closed geodesics with length in some short interval. LEMMA 3.2. For large x > 0 and small > 0 we have (1, 1,. .. ,1) (so that F m (θ) ≡ 1) and test function h x, with Fourier transform given byĥ x, (t) = Ψ(
The sum on the right is bounded by
The contribution of the first term and all the complementary spectrum is bounded by some constant times
As before, since ||ĥ x, (t)|| ∞ ≤ 2||Ψ|| ∞ is uniformly bounded, the contribution of the elliptic terms is bounded by O(1). We can bound the integral
Finally, the contribution of the principal spectrum is bounded (up to some constant) by
, where we used the fast decay ofΨ(r) together with the estimate
implied by lemma 3.1.
Main estimate. The family of functions
with H m (θ) given by (2.4) form an orthonormal basis for L 2 ((R/2πZ) n ,μ). We can decompose any such function as
where rΨ ( r). Using Lemma 3.2 we can approximate the sharp cutoff with the smooth one, that is,
To estimate the smoothed sum, expand
Using the trace formula we can replace each of the inner sums,
Estimate h x, (i/2) = 2e x/2 + O( e x/2 ) and bound the contribution of the complementary spectrum by O(|m| * e αx ). The functionĥ x, ≤ 1 is uniformly bounded so the contribution of the elliptic conjugacy classes are bounded by O (1) . As in the proof of Lemma 3.2, the contribution of the principal spectrum and the trivial conjugacy class are bounded by O(|m| * −1 ). We thus get that
Multiplying by a f (m) and summing over all m we get
where we used the bound σ |a f (σ)| f ∞ . By (3.2) we get the same estimate for the sharp cutoff and taking
e −x/4 concludes the proof.
Proof of Theorem 1. The prime geodesic theorem now follows form Proposition 3.3 with f the constant function.
Proof. Apply Proposition 3.3 with f ≡ 1 the constant function. We thus get
(The decomposition of the constant function only involves the function H σ with σ ∈ {±1} n , hence, the error term depends only on α 1 .) The contribution of the primitive conjugacy classes is trivially bounded by the whole sum so
Integrating by parts we get the preliminary bound
We can now estimate the contribution of the non-primitive conjugacy classes to (3.3) , that is
Since there is a geodesic with a shortest length δ this is a finite sum. Using the preliminary bound π p (x) = O(
) and integrating by parts we get that this sum is bounded by O(x). Consequently, the same asymptotic formula as (3.3) is valid when summing over primitive geodesics, that is, 
Proof of Theorem 2. Similar to the previous case, the equidistribution for smooth test functions follows from Proposition 3.3 and integration by parts.
Proof. Without loss of generality we may assume that f dμ = 0. Then, Proposition 3.3 gives
The contribution of the non-primitive conjugacy classes is bounded by O(x), so the same estimate holds when summing over primitive elements
As before, the same bound also holds for
Integrating by parts we get
concluding the proof.
A sharp cutoff.
Since we have good control on how the error term depends on f , we can give bounds for the error term also for a sharp cutoff function. We show this in the simple case where f = 11 A is the indicator function of a rectangle.
COROLLARY 3.1. For any rectangle
where the implied constant is independent of A and the exponent is given by
Proof. We will use the Selberg-Beurling functions to approximate the indicator function (see [12, 
which implies that the non-zero Fourier coefficients satisfy
, π] n (note that these functions are non-negative). The coefficients a f N (m) are given in terms of the Fourier coefficients
Using (3.6) we get that 
A similar calculation gives that |μ(f N ) − μ(11
From Theorem 2, taking into account how the error terms depend on f N , we get
Let N = e cx where c = 
In order to get a lower bound, we write [−π, π] n = A ∪ A 1 ∪ ··· ∪ A k as a finite disjoint union of rectangles (with k ≤ 2 n ). Since the error term does not depend on the rectangle A i we get
Invariance of holonomy under sign changes.
Recall that the holonomy is invariant under the sign change σ ∈ {±1} n if for any angle θ ∈ [−π, π] n the number of primitive closed geodesics with holonomy θ is equal the number of closed geodesics with holonomy σθ. This property can be translated to the following property of the lattice: For every θ ∈ [−π, π] n the number of primitive hyperbolicelliptic Γ-conjugacy classes that are conjugated in PSL(2, R) n+1 to (a l ,k θ ) equals the number of primitive hyperbolic-elliptic Γ-conjugacy classes that are conjugated in PSL (2, R) n+1 to (a l ,k σθ ) .
We now use the trace formula to prove Theorem 3, that is, we show that invariance of the holonomy angles under the sign change σ is equivalent to a spectral correspondence between the spaces V m and V σm .
Proof of Theorem 3.
Assume that the holonomy angles are invariant under the sign change σ ∈ {±1} n . To show that there is a linear map Θ σ : V m → V σm commuting with Ω 0 we just need to show that the spectrum of Ω 0 is the same on both spaces, that is, that {r k (m)} ∞ k=0 = {r k (σm)} ∞ k=0 . Fix m ∈ Z n+1 with m 0 = 0 and m j = 0 for j ≥ 1. Letĥ ∈ C ∞ c (R) denote a smooth compactly supported function and consider the hyperbolic-elliptic sum in the trace formula, that is,
Since any conjugacy class {γ} is a power of a primitive one we can rewrite this as
Since the holonomy angles are invariant under the sign change σ this is equal to
We thus get the equality
Notice that H m (σθ) = H σm (θ) so that we have
Since the contribution of the trivial conjugacy class to the trace formula does not depend on the sign of m, after subtracting the contribution of the elliptic elements we get the equality
We claim that this equality implies that the spectrum of V m and V σm are the same. We first show that the exceptional spectrum is the same. Let 
Dividing by e xc 0 (m) and taking x → ∞ implies that c 0 (m) = c 0 (σm) and that d 0 (m) = d 0 (σm). We can thus subtract its contribution form both sides and continue in the same way to get that c
.. ,q. Now for the principal spectrum. Let h be an even function with Fourier transformĥ ∈ C ∞ (R) even, supported on [−1, 1], and satisfies
so that its Fourier transform is given byĥ ,x (t) = cos(xt)ĥ( t). Now fix x = r k 0 (m) ∈ R for some k 0 and assume that is sufficiently small such that there are no other eigenvalues in
with the test function h ,x . From the previous part, the contribution of all the exceptional eigenvalues cancels out. Since we have ĥ ,x (t) ∞ ≤ ĥ ∞ we can bound the contribution of the elliptic conjugacy classes by O( ). From the fast decay of h(r) as r → ∞ we get that the contribution of {r k (m) ∈ R|r k (m) = x} satisfies
We thus get that
Taking → 0 we get equality. For the other direction, assume that we have a spectral correspondence between V m and V σm for every m for some fixed sign σ ∈ {±1} n . Now assume that there is a pair (l, θ) such that
Also assume that l is the smallest number for which this holds (recall that the set of lengthes of geodesics is discrete and that the angle is determined up to a sign by the length). Letĥ be a function supported on [−l − δ, l + δ] where δ < l is sufficiently small so that there are no primitive conjugacy classes with l < l γ p ≤ l + δ, and let H ∈ C ∞ ((R/πZ) n ) be supported in a sufficiently small neighborhood of θ such that other then (l γ ,θ γ ) = (l, θ), there are no other holonomy angles in its support with l γ ≤ l + δ (and also no angles corresponding to elliptic conjugacy classes). Since we can decompose H as a sum over the functions H m , using the trace formula and the same argument as before we get that
For all primitive conjugacy classes with l γ p < l by our assumption of minimality we have exact cancelation, and for primitive conjugacy classes with l γ p > l there is no contribution to either side (becauseĥ(ql γ p ) = 0). We thus get that the only contribution is from conjugacy classes with l γ p = l and θ γ p = θ on the left-hand side and θ γ p = σθ on the right. Consequently,
Except for the case σ = −1, where complex conjugation gives the correspondence between V m and V −m , it is not clear how to obtain such a correspondence. It is thus interesting to find for which signs σ such a correspondence exists. We now give a condition on the lattice Γ that implies the invariance of holonomy angles under sign changes, and hence also the spectral correspondence.
Composing the sign function sgn(x) = x |x| with the determinant gives a function from GL(2, R) to {±1}. Note that replacing τ by xτ for x ∈ R * does not change the sign of the determinant so that the map τ → sgn(det τ ) is well-defined on PGL(2, R).
LEMMA 4.1. Let g ∈ PSL(2, R) with |tr(g)| < 2 so that g is conjugated in PSL(2, R) to some k ∈ PSO(2). Then, for any τ ∈ GL(2, R) we have that
Proof. This is obvious after noting that k and k −1 are conjugated in GL(2, R) but not in SL(2, R). LetG = GL(2, R) n+1 . Let sgn 0 : R n+1 → {±1} n denote the projection of the sign function to the last n coordinates. Denote by NG(Γ) the normalizer of Γ inG, that is,
For any σ ∈ sgn 0 (det NG(Γ)), the holonomy angles are invariant under the sign change σ.
Then, by the above lemma, eachγ (i) is conjugated in PSL(2, R) n+1 to (a l ,k σθ ). Since τ ∈ NG(Γ), thenγ (i) ∈ Γ is also a primitive element. Finally we claim that {γ (1) },. .. ,{γ (k) } are k distinct Γ-conjugacy classes. Indeed, ifγ (i) andγ (j) are conjugated by some γ ∈ Γ, then γ (i) and γ (j) are conjugated by τ γτ −1 ∈ Γ in contradiction to the assumption that {γ (1) },. .. ,{γ (k) } are distinct conjugacy classes.
In the next section we consider lattices derived from quaternion algebras over number fields. For these lattices we can give many examples for which sgn 0 (det NG(Γ)) already contains all sign changes.
Lattices derived from quaternion algebras.
Let K be a totally real number field. Denote by P the set of places of K and by P ∞ and P f the set of archimedean places and finite places of K respectively. For each place ν ∈ P let K ν be the completion of K with respect to ν and fix an embedding ι ν : K → K ν . For any finite set of places S let ι S : K → ν∈S K ν denote the diagonal embedding. We denote by O K the ring of integers of K and by O * K the group units. Let A be a quaternion algebra defined over K. We denote by tr A and n A the relative norm and trace maps from A to K, that is, tr A (α) = α +ᾱ, n A (α) = αᾱ withᾱ the conjugate of α in A. For any place ν let A ν = A ⊗ ι ν (K) K ν . We also denote by ι ν : A → A ν and ι S : A → ν∈S A ν the corresponding embeddings.
We say that A is ramified at a place ν if A ν is a division algebra and unramified if it is a matrix algebra. Denote by Ram(A), Ram f (A) and Ram ∞ (A) the set of ramified places, finite ramified places and infinite ramified places respectively. By the classification theorem of quaternion algebras, the set Ram(A) is always finite and even, and conversely, for any even finite set of places there is a unique (up to isomorphism) quaternion algebra ramified at these places (cf. [18, Chapter 3, Theorem 3.1]). If the algebra A is fixed we will just use the notation Ram, Ram f , Ram ∞ .
An order R ⊂ A is a subring satisfying that R ⊗ K = A and that n A (R), tr A (R) ⊂ O K are in the ring of integers of K. We say R is a maximal order if it is maximal with respect to inclusion; it is called an Eichler order if it is the intersection of two maximal orders. We denote by R * the group of invertible elements in the order R and by R 1 ⊂ R * the group of norm one elements inside this order. Let S ∞ = P ∞ \ Ram ∞ , we then have that
Moreover, the projection of ι S ∞ (R 1 ) to ν∈S ∞ PSL(2, R) is an irreducible lattice; this lattice is called the lattice derived from R.
Proof of Theorem 4.
Let R be an order in a quaternion algebra. For any α ∈ R 1 and β ∈ R * we have that
It is easy to see that this is also true for any principal congruence group, that is, for
Recall that the condition given in Proposition 4.2 for the invariance of the holonomy angles under sign change depends on the signs of the determinants of the elements in NG(Γ). If τ = ι S ∞ (α) ∈ NG(Γ) comes from the image of some α ∈ R * , then det(τ ) = (ι ν (n A (α))) ν∈S ∞ . Consequently, in order to prove Theorem 4 it is sufficient to show that the elements {ι S ∞ (n A (α))|α ∈ R * } ⊂ R S ∞ can get all possible signs.
The following proposition characterizes the elements of O * K that are obtained as norms of elements in an Eichler order.
Proof. The first two assertions are proved in [18, Chapter 3 Theorem 4.1 and Corollary 5.9]. We now verify the third one. The equality
K with xy = 1. Then y ∈ K A as well and hence y = n A (β) for some β ∈ R. Now α −1 =ᾱn A (β) ∈ R so that indeed α ∈ R * .
Let sgn : K * → {±1} P ∞ denote the sign function, that is, sgn(t) = ( 
.. ,g h K be a set of representatives for all ideal classes; we may assume that g 1 = (1). We then have that h K = h + K if and only if these ideals represent all classes in the narrow class group as well.
Assume that h K = h + K . We fix σ ∈ {±1} P ∞ and show that there is u ∈ O * K with sgn(u) = σ. Let x ∈ K * with sgn(x) = σ (such an element exists from the weak approximation theorem). From our assumption, the ideal xO K is equivalent, in the narrow sense, to g 1 = (1). This implies that there is y ∈ K + such that u = xy ∈ O * K , and hence σ = sgn(u) ∈ sgn(O * K ). For the other direction we assume that sgn(O * K ) = {±1} P ∞ and show that g 1 ,... ,g h K represent all narrow classes. Fix an ideal g, then there is some x ∈ K * such that xg = g j for some 1 ≤ j ≤ h K . Let σ = sgn(x) and fix u ∈ O * K with sgn(u) = σ (which exist from our assumption). We thus have that y = xu ∈ K + and yg = xug = xg = g i so g is equivalent to g i in the narrow sense. 
The following proposition together with Proposition 4.2 complete the proof of Theorem 4. 
Remark 5.2. Notice that if we fix the quaternion algebra A we can weaken the condition on the field. That is, we only require that the projection of sgn(O * K ) to P ∞ \Ram ∞ (A) {±1} is onto.
Optimal embeddings.
Before we proceed with the proof of Theorem 6 we collect some results on optimal embeddings of quadratic orders into orders in a quaternion algebra. Let A be a quaternion algebra defined over a number field K and R ⊂ A a maximal order (similar results also hold for Eichler orders, but for simplicity we will restrict the discussion to maximal orders). We further assume that A satisfies the Eichler condition, that is, A is unramified in at least one infinite place.
Let L/K be a quadratic extension, we say that L embeds into A if there is a nontrivial K-homomorphism from L to A. We note that this happens if and only if L ν is a quadratic field extension of K ν for any ν ∈ Ram(A) (cf. For any finite place 
The global number of optimal embeddings can be obtained from this local data as follows: 
where 
By [18, Chapter III Corollary 5.13] we have
Combining (5.2) and (5.3) we get
We can identify the principal fractional ideals in K * with K * /O * K . Hence, the kernel of the natural projection π :
which is a finite group of order
.
Now plug in h K
The number of conjugacy classes in Γ with a given trace can be expressed as a sum over the number of optimal embeddings of certain quadratic orders.
(Note that this definition does not depend on the choice of D modulo squares in K * .)
LEMMA 5.7. Let Γ be a lattice derived from an order R in a quaternion algebra A over K and let
Proof. Any γ ∈ Γ comes from the projection of ι S (α) for some α ∈ R 1 . Note that both α and −α give the same element in Γ so we can count the number of conjugacy classes in R 1 with trace equal to t. 
We thus need to show that
For any α with t α = t and d α = d we get an optimal embedding φ α as above (and conjugating α gives a conjugate embedding). On the other hand, given an optimal embedding φ :
2 ) is the unique element in the image with trace t α = t and d α = d.
Proof of Theorem 6.
Let Γ ⊂ PSL(2, R) n+1 be a lattice derived form a maximal order R in a quaternion algebra A over a number field K. This means that A is unramified in n + 1 infinite places, that we denote by S = {ν 0 ,ν 1 ,... ,ν n }. Further assume that n is even. We can thus find another quaternion algebraÃ such that Ram f (Ã) = Ram f (A) and that Ram ∞ (Ã) = P ∞ \ {ν 0 }. LetS = {ν 1 ,... ,ν n }. LetΓ ⊂ PSL(2, R) be a lattice derived from a maximal orderR ⊂Ã.
Recall the correspondence between closed geodesics and conjugacy classes. Each closed geodesic C in Σ 0 corresponds to a conjugacy class of some hyperbolic-elliptic γ ∈ Γ. Any such γ is the projection to PSL(2, R) n+1 of ι S (α) for some α ∈ R 1 with trace t = tr A (α) ∈ O K satisfying that |ι ν j (t)| < 2 for ν j ∈S. The embeddings ι ν j (t) ∈ R correspond to the holonomy angles θ C,j by |ι ν j (t)| = |2cos(θ C,j /2)|, for j = 1,... ,n. The additional embedding ι ν 0 (t) satisfies |ι ν 0 (t)| = 2cosh(l C /2).
On the other hand, a closed geodesic in T 1M corresponds to a conjugacy class of some hyperbolic γ ∈Γ. Any such γ is the projection to PSL(2, R) of ι ν 0 (α) ∈ SL(2, R) for some α ∈R 1 and the length of the corresponding geodesic satisfies |ι ν 0 (tr A (α))| = 2cosh(l γ /2). Let u γ ∈ PSU(2) n be the projection of ιS(α) ∈ ν∈S R 1 ν ⊂ SU(2) n . For any closed geodesic {γ} inM =Γ\H we attache the conjugacy class of u γ in PSU(2) n . Theorem 6 is thus equivalent to the following proposition:
By definition, O is optimally embedded in R and hence m 1 (O, R) > 0. By Proposition 5.5 we get that 2 n m 1 (O,R) = m 1 (O, R) so m 1 (O,R) > 0 as well and hence there is an optimal embedding φ : O →R. We thus get that t = trÃ(φ(α)) ∈ trÃ(R 1 ) and hence ι ν 0 (t) ∈ tr(Γ).
For the other direction, the same argument shows that tr(R 1 ) ⊂ tr(R 1 ) and sinceÃ is ramified at any place ν ∈S, then any t ∈ trÃ(R 1 ) satisfies |ι ν (t)| < 2 for ν ∈S. 
Remark 5.3. Taking the above correspondence into account, Theorem 2 implies that
where the integral is with respect to the Haar measure on PSU(2) n , f ∈ C ∞ (PSU(2) n ) is invariant under conjugation and π p (x) ∼ Li(e x ) is the number of primitive closed geodesic onM with length bounded by x. We note that such an equidistribution result holds in a much more general setting. Let Γ ∈ PSL(2, R) be any lattice and let ρ : Γ → U denote a homomorphism with dense image in some compact group U . To each closed geodesic {γ} onΓ\H attach the conjugacy class of ρ(γ) in U . As the length of the geodesic grows the corresponding conjugacy classes become equidistributed with respect to Haar measure. However, giving a rate of equidistribution in this case requires a spectral gap for irreducible lattices in SL(2, R) × U which is not known in this generality.
6. Some applications.
A Spectral Correspondence.
The first application is a spectral correspondence (that is a special case of the Jacquet-Langlands correspondence) between V m (Γ\G) and L 2 (Γ\H,ρ m ).
Retain the notation of section 5.3. Let m ∈ N n and for each j = 1,... ,n let ρ m j denote the irreducible representation of PSU(2) of dimension 2m − 1. Let
denote the corresponding |m| * -dimensional representation of PSU(2) n . Composing this representation with the homomorphism γ → u γ gives a representation of Γ, that we still denote by ρ m . The character of this representation is given by
Let L 2 (Γ\H,ρ m ) denote the space of functions ψ : H → C |m| * that are square integrable on FΓ and transform underΓ via
For any σ ∈ {±} n let V σm (Γ\G) ⊂ L 2 (Γ\G, σm) be as defined in (0.1). We then have the following spectral correspondence:
There is a 2 n to one correspondence between the spectrum of σ V σm (Γ\G) and the spectrum of L 2 (Γ\H,ρ m ).
k , the trace formula in this setting takes the form Recall that 2 cos(θ u γ ,j ) = ι ν j (t) is determined by ι ν 0 (t) so this is well-defined. (4π) n . Consequently, after multiplying (6.1) by 2 n its right-hand side equals the right-hand side of (6.2). We thus get the equality σ∈{1,−1} n k h(r k (σm)) + δ m,1 (2) n h(i/2) = 2 Remark 6.2. We remark that when taking m = (0, 1,... ,1), on one side of this correspondence we just get the standard Maass forms for the groupΓ ⊂ PSL(2, R), but on the other side we do not get Maass forms but rather the hybrid forms corresponding to this weight. This is very different from the case of quaternion algebras defined over Q where Maass forms are lifted to Maass forms and holomorphic forms are lifted to holomorphic forms.
Results on Hilbert modular groups.
Next we prove analogous results to Theorems 1 and 2 for Hilbert modular groups, that is, for lattices of the form Γ = PSL(2, O K ) with K a totally real number field. These lattices are not cocompact, nevertheless, we can still get these results without using the trace formula in the non-compact setting (as long as [K : Q] > 2).
Let Γ = PSL(2, O K ) with K totally real with [K : Q] = n + 1 > 2. This lattice is the lattice derived from the maximal order Mat(2, O K ) in the matrix algebra Mat(2,K). Let ν 0 ,... ,ν n denote the infinite places of K and letΓ denote a lattice derived from a maximal order in a quaternion algebra that is ramified in two infinite places {ν n−1 ,ν n }. We then have a homomorphism γ → u γ ofΓ into PSU(2) 2 defined as in the proof of Theorem 6. For any hyperbolic-elliptic γ ∈Γ let θ γ,1 ,... ,θ γ,n−2 be the corresponding holonomy angles and let θ γ,n−1 ,θ γ,n denote two additional angles corresponding to u γ ∈ PSU(2) 2 (these last two angles are only defined up to a sign). Just as in the proof of Proposition 5.8 there is a correspondence between Γ-conjugacy classes andΓ-conjugacy classes which implies the following equality:
for any m ∈ N n and anyĥ compactly supported, where in both cases the sum is over the hyperbolic-elliptic conjugacy classes in the corresponding lattice. 
